This paper discusses in details the relation between the bond bending stiffness used in molecular mechanics and the bending stiffness used in structural mechanics for zigzag carbon nanotubes (CNTs).
Introduction
Until recently, nanostructures were modeled using molecular and quantum mechanics. On the other hand, structural mechanics was mostly used to study the behavior of macro-structures. As the top-to-bottom approach of modeling components is getting close to the micro-meter and nano-meter levels, issues on how to bridge the fields of molecular and structural mechanics are starting to emerge. One of these issues is what do we use as structural stiffnesses when modeling nanostructures, such as carbon nanotubes. Carbon nanotubes were discovered by Ijima (1991) .
Since then, the interest in CNTs has mushroomed in different fields. One reason for this interest in the field of applied mechanics is their tremendous strength.
Closed form expressions (Chang and Gao, 2003; Xia et al., 2005) as well as finite element models (Li and Chou, 2003; Tserpes and Papanikos, 2005; To, 2006) were developed to study the response of CNTs in different environments.
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The aim of this paper is to look in more details at the relationship between the stiffness properties used in molecular mechanics and their counterparts in structural mechanics.
It is limited to zigzag CNTs under the loading condition of simple tension. We start with a brief review of molecular and structural mechanics and a summary of the relevant closed form equations derived by Chang and Gao (2003) .
Then, with a simple proof, we show that the main assumption used by various authors (Li and Chou, 2003; Tserpes and Papanikos, 2005; To, 2006) to equate the element bending stiffness to the bond bending stiffness (C = EI/a) does not hold.
Next, we derive an expression for the axial deformation of zigzag CNTs that accounts for the axial and bending structural stiffnesses. While molecular mechanics uses the bond angle between two bonds to describe bond bending deformations, structural mechanics uses the bending within one 3D frame element for this definition. Comparing this equation to the equivalent equation derived by Chang and Gao (2003) using molecular mechanics, leads to a ''consistent'' frame bending stiffness for an infinitely long zigzag CNT. For large diameter tubes, the frame bending stiffness tends to be half the bond bending stiffness. This later case is representative of a graphene sheet. For small diameters, EI/a changes with the bond bending stiffness C, the torsional angle u and the lattice translational index n.
The expression for the axial deformation is then expanded to include the torsional stiffness of 3D frame elements. This provides us with an equation for the ''elastic modulus'' of an infinitely long zigzag CNT. It includes the axial, bending and torsional deformations.
We conclude the paper with a discussion of the results and a summary. It is worth mentioning that the controversy in the research community as to what represents an accurate ''Young's'' modulus for CNTs is not directly related to this work. Actually, no attempt is made to use the ''thickness'' of the tube in the derivations since it is not necessary.
Characterization of the atomic structure and bond mechanics of carbon nanotubes (CNTs)
The geometry of a CNT could be described with the pair (n, m), the lattice translational indices, and the bond length a. In general, the diameter d of a CNT is defined using the expression
Since the discussion is restricted to zigzag CNTs (Fig. 1) , the value of m is zero. In this case, the diameter is simply given by the formula d ¼ ffiffi
The bond energies between carbon atoms include the stretching U a , bending U b and torsional U t energies. For small distortions from equilibrium, these energies could take the forms:
ð2:2Þ
where K, C, and C t are the bond stretching, bending and torsional stiffnesses.
r, H, and U are the stretching position, bending angle and torsional angle, respectively. The subscript ''o'' refers to the initial equilibrium position.
3. Review of the finite element method for 3D space frames
In general, the linear elastic deformation of 3D space frames is assumed to be the combination of axial, bending and torsional deformations. Their corresponding strain energies are expressed as:
where EA, EI, and GJ are the axial, bending and torsional stiffnesses; and u, h and u are the axial, bending and torsional deformations, respectively. In general, a 3D frame element (Fig. 2) is placed between two carbon atoms with the carbon atoms becoming the nodes in the finite element mesh. Each node is assumed to have six degrees of freedom, three translational and three rotational. The stiffness matrix K relating the above-mentioned degrees of freedom to their corresponding forces and moments at both ends of a 3D frame element is a 12 · 12 matrix (Gallagher, 1975; Li and Chou, 2003; Tserpes and Papanikos, 2005; To, 2006) .
Review of equations derived by Chang and Gao (2003) In the work by Chang and Gao (2003) , closed form expressions were developed for carbon nanotubes subjected to simple tension and torsional loadings using molecular mechanics.
In particular, for zigzag CNTs under simple tension, the axial and circumferential strains were shown to be
2nað1 À cos aÞ ð4:1Þ
and
where F t is the total load applied to the carbon atoms, R is the tube radius and k is given by the expression below:
2 cos 2 ðb=2Þ þ 2½1 þ cosðp=nÞ cos 2 a ð4:3Þ
where a, b are the internal bond angles, a is the bond length, K is the bond stretching stiffness, and C the bond bending stiffness.
For an elastic modulus that does not include the tube thickness, Y s was defined as the product of the conventional ''Young's'' modulus and the tube ''thickness''. This leads to:
The axial strain e axial and Y s are related as follows:
5. Proof that the bond bending stiffness and the 3D frame bending stiffness are not equal
Part of a zigzag carbon nanotube is isolated in Fig. 3 below, with a, b being the internal bond angles, a the bond length, and R the radius of the tube.
The coordinates of points O, A, B and C are (R, 0, 0),
It is obvious that O, A, B and C are not all in the same plane. Recent publications assumed that the moments in a 3D frame element are constant, and the rotation h at both ends of the element are equal in magnitude but opposite in direction (Li and Chou, 2003; Tserpes and Papanikos, 2005; To, 2006) . This would lead to the following expression for the frame bending energy:
Thus, the bending strain energy could be expressed as:
EIð2hÞ 2 a ð5:2Þ
When Eq. (5.2) is compared to the bond bending energy Eq. (2.2b), we arrive at:
Proposition. If the vertical bonds in a zigzag carbon nanotube are modeled as parallel to the axis of the tube, then the assumption that the bending moments are constant along 3D frame elements does not hold when the nanotube is subjected to simple tension.
Proof. We start by isolating joint O as shown in Fig. 4 below. If all members are assumed to have constant moments, then they cannot carry shear forces V. Otherwise, the moments M will vary along the 3D elements (dM/dx = V). Thus, the only forces that the members can carry are axial forces. We follow by applying the force-equation of equilibrium in the tangential direction and set it to zero. Because of symmetry (for n = 4, 8, 12, 16, . . . in expression (2.1)), the forces in member OA and OB should have equal magnitudes, i.e., FA = FB. Now, let us project the forces in members OA and OB in the radial direction keeping in mind that equilibrium is written in the original configuration for small deformations.
Member OC does not contribute to this equation since it is perpendicular to that direction.
Equilibrium cannot be satisfied unless the forces FA = FB = 0. But, if FA = FB = 0, we cannot have equilibrium with the applied vertical tensile loads.
Therefore, to satisfy equilibrium, we should have shears in the members and, accordingly, the moments will vary along the 3D frame elements.
Thus, the bending strain energy cannot be given by the simple relation Eq. (5.2) and, consequently, EI/ a 5 C. h 
Particular case of a graphene sheet
The relation between the bond bending stiffness and the structural bending stiffness will be derived for the particular case of a graphene sheet. This represents a limiting case of an infinite radius carbon nanotube.
First, we start with the molecular mechanics approach. We subject the sheet to a simple tensile loading (unit loads) along the y-axis. Second, we repeat the same procedure for the structural mechanics model. Third, we compare both results to deduce the relation between the respective bending stiffnesses (Fig. 5) .
Molecular mechanics
We start by forming the total energy of the sheet
Minimizing the total energy of the sheet, we obtain the deformations along the longitudinal and transverse directions:
and 
The Poisson's ratio is given by:
Ka 2 =C þ 18 ðsimilar to the result byChang and Gao; 2003Þ
Structural mechanics
The equivalent structural mechanics energy is:
Following a similar procedure, the deformations of an infinite sheet along the longitudinal and transverse directions can be expressed as:
Comparing the molecular and structural mechanics solutions, we conclude that
for an ''infinite'' graphene sheet. Numerical solutions were also compared. A finite element model using the program ABAQUS was created for a 10 · 10 ''units'' mesh subjected to simple tension. The results are summarized in Table 1 below and compared with the molecular as well as the structural mechanics closed form solutions described above. In addition, the molecular closed form solution provided by Chang and Gao (2003) was also included.
The following values for the different stiffnesses were used: EA/a = 652 nN nm À1 , EI/ a = 0.875 nN nm rad À2 , K = EA/a and C = 2EI/a.
One point worth mentioning
To obtain a uniform strain condition in both directions, zero rotations need to be specified at the nodes where the tensile loads are applied. This is referred to as the ''end effect'' in structural mechanics. More will be mentioned at the end of the paper. 
Conclusion
For a graphene sheet, the structural bending stiffness EI/a is half the bond bending stiffness C.
7. Axial and bending stiffnesses of zigzag CNTs: molecular vs. structural mechanics
The work presented in the previous section for the particular case of a graphene sheet will be generalized in this section to zigzag CNTs. We start by expressing the results of Chang and Gao (2003) in a more suitable form using the principle of minimum total potential energy. We will split the approach into bond stretching and bond bending deformations.
Bond stretching-molecular/structural mechanics
Due to bond stretching, it is easy to verify that K = EA/a. We start with the molecular energy expression
where F is the axial load applied to a single carbon atom, D is the deflection of the end of the tube, R 1 is a summation over the number of bonds and R 2 is the summation over the number of atoms with applied loads. Expression (7.1) takes the following form in structural mechanics:
Since both K and EA/a are conjugate to the axial deformation between carbon atoms in the energy equation, they represent the same axial stiffness. Thus,
To determine the tube deformation, we let n u be the number of vertical units of Fig. 3 in a carbon nanotube and n v equal to (2n u À 1). The deflection at the end of the tube due to axial bond deformations can be expressed as:
Bond bending-molecular mechanics
Due to bond bending, the total potential energy is written as:
Let n x be the number of units along the circumference. Then, for an infinite cylinder with no end effects, i.e., all units have the same deformation, P will be equal to:
Minimizing the total potential energy with respect to a gives
Since sin(a)cos(p/2n) = sin(b/2) and cosu = Àtan(b/2)/tan(a), we get db/da = À2 cos u, where u is the torsion angle between the planes OA-OB and OA-OC (as shown in Fig. 3 ).
The vertical deformation of the tube can be expressed as:
where H o , H are the initial and current heights of the tube, respectively. Differentiating Eq. (7.6) with respect to a dD=da ¼ ðn v þ 1Þa sinðp À aÞ Solving for Da by minimizing the total potential energy, we get
Substituting Da in Eq. (7.6) above, we get the following expression for the vertical deflection of an infinitely long CNT (due to bond bending only)
In the next section, we will derive an equivalent expression in terms of the material properties of structural mechanics. This will allow us to deduce a relation between EI/a and C.
Bond bending-structural mechanics: zigzag nanotube under simple tension
Let O and A be two atoms on the CNT with coordinates (R, 0, 0) and (R cos(p/n), R sin(p/n), a cos(p À a)), respectively. Also, let u be the unit vector from O to A expressed as:
where i, j and k are the unit vectors in the Cartesian coordinate system. Due to multiple symmetries (for n = 4, 8, 12, 16, . . .), we assume the displacement and rotation fields at O and A take the following forms:
where (dr o , dr A ) and (h o , h A ) are the displacements and rotations vectors at O and A, respectively. Also, (e ro , e rA ), and (e to , e tA ) are the radial and tangential unit vectors at O and A, respectively. In this work, small displacements and rotations are assumed. Without loss of generality, the tensile load at each carbon atom is assigned a value of one. From equilibrium, the net force R r along e r and moment M t along e t at both O and A are zero. This leads to:
At O:
At A:
The equations at A could be simplified as:
Adding Eqs. (7.13) and (7.17) we get:
Also, subtracting Eq. (7.16) from (7.12) gives:
Manipulating the above Eqs. (7.18) and (7.19), leads to
Under simple tension, the nanotube is assumed to transform into another tube. This allows us to derive a new relation between d o and D A as follows: We start by looking at the z-coordinate of atom A, which is given by the expression Differentiating both sides, without including the axial deformation of the bond for the time being, we get:
To solve for D A , we let
2 À 2 cosðp=nÞ This leads to the following expression for D A :
After some simplifications, the axial deflection at the end of the whole CNT is given by:
with c ¼ 2ð1 À cosðp=nÞÞ=ð3 À 2ðR=aÞ 2 sin 2 ðp=nÞÞ ð7:25Þ
Discussion and validation of the results obtained in Section 7
Comparing the molecular mechanics expression Eq. (7.8) with the structural mechanics Eq. (7.24), we obtain
Thus, in general, the bending stiffness to be used in the structural mechanics varies with the bond bending stiffness C, torsional angle / and c. For long CNT tubes with large diameters, cosu ! 1, c ! 0 and EI/a ! C/2, which is the same result we derived in Section 6 for the particular case of a graphene sheet.
To validate the closed form solution Eq. (7.24), we compared the axial and circumferential strains to the results from a finite element model in ABAQUS. The results are shown in Tables 2 and 3 below for C = 1.42 nN nm rad À2 . The accuracy obtained is excellent. Similar results were obtained for the vertical displacement, radial displacement and rotation when comparing calculations to ABAQUS results. Also, the internal strain energies where identical when comparing the molecular and structural mechanics solutions. These are plotted in Fig. 6 below.
Deformation of zigzag CNTs due to axial, bending and torsional structural stiffnesses
In Sections 7 and 8, a closed form expression was developed for the deformation of infinitely long zigzag CNTs under simple tension. It included the axial and bending stiffnesses of 3D frame elements. In this section, we expand the expression to include the torsional stiffness of space frames.
Bond bending and torsion-structural mechanics: zigzag nanotube under simple tension
When the torsional stiffness of 3D frame elements is included, the expression of M tO is modified as follows:
Going through the same manipulations as in Section 7, the vertical deflection at the end of the tube can be expressed as:
where F is the load applied at a carbon atom, n u is the number of vertical units of Fig. 3 and n v = (2n u À 1). However, in this case, c takes on the following expression: Combining the axial, bending and torsional deformations, we obtain the following formula: 
Elastic modulus of a zigzag CNT
Similar to the work by Chang and Gao (2003) , an elastic modulus Y s (TPa nm) could be defined that doesn't include the thickness of CNTs, and is expressed as:
where F t is the total load applied, L and R are the length and radius of the tube, respectively. The above expression will be compared later to the FEA solution obtained by Tserpes and Papanikos (2005) . To show how different the results would be if EI/a is set to C instead of being picked according to Eq. (8.1), Fig. 7 plots the strains given by the above two procedures with a value of C equal to 1.42 nN nm rad À2 . Considerable difference is obtained.
Second, to verify the expression of deformation that includes torsion, the results of Eq. (9.2), for a slice of a CNT tube, are tabulated and compared to the ones obtained from the finite element program, ABAQUS. The results do agree very well, see Table 4 below.
Third, as mentioned earlier, the solution is obtained for an infinite cylinder. To represent a finite length cylinder with open ends, the end-moments are zero. Fig. 8 compares the results of a simple tension test for an infinite cylinder and a finite length cylinder with one open end. The difference is mostly noticeable for small diameter tubes, even though they are still pretty close.
Finally, for constant structural stiffnesses, the elastic modulus obtained from the closed form expression Eq. (9.5) and the results by Tserpes and Papanikos (2005) using a finite element program are plotted in Fig. 9 . The following values of stiffnesses were used: EA/a = 652 nN nm À1 , EI/a = 0.875 nN nm rad À2 and GJ/ a = 0.278 nN nm rad À2 . Even though the boundary conditions are not totally the same, good agreement is still obtained. This is expected since we are starting with the same constant structural stiffnesses, otherwise the results may not match as shown in Fig. 7 . 
Conclusions
Chang and Gao (2003) developed closed form expressions for the elastic modulus of infinitely long CNTs as well as their longitudinal and lateral strains. The expressions were in terms of the bond stretching and bond bending stiffnesses. Recently, structural mechanics was used to solve deformation problems of CNTs with a one-to-one correspondence between molecular mechanics and structural mechanical material properties (Li and Chou, 2003; Tserpes and Papanikos, 2005; To, 2006) .
In this paper, a closed form expression was developed for the deformation of zigzag CNTs under simple tension using structural mechanics. For a one-to-one correspondence with molecular mechanics, the bending stiffness EI/a was shown to be less than the bond bending stiffness. Actually, it depends on the bond bending stiffness C, the torsional angle u and the lattice translational index n. Also, a simple expression for the elastic modulus of zigzag CNTs was derived. It includes the axial, bending and torsional effects.
